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Abstract
In this work we explore a generalization of the Dirac and Klein-
Gordon oscillators, where the linear momentum is replaced by a de-
formed version inspired in nonextensive statistics, that gives place to
the Morse potential in both relativistic contexts by first principles. We
employ a canonical transformation that maps the harmonic oscillator
with a generalized momentum operator into the Morse potential. We
study the 1D and the 3D cases, using the Pekeris approximation in
the later case. In the non-relativistic limit we reproduce the S-wave
states of the H2 molecule while in the null deformation limit we recover
spinless (KG) and spin-orbit (Dirac) oscillators.
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1 Introduction
For compatibilizing the principles of quantum mechanics with the special
relativity, the Klein-Gordon and the Dirac equations constitute the two most
relevant that were found, both satisfying the quadratic relativistic relation
E2 = p2c2 + m2c4. The Klein-Gordon equation [1] is obtained by means
of the quantization of the quadratic relativistic relation, which leads to a
relativistic wave equation with second order derivatives in time and space
that is Lorentz-covariant, and whose solutions correspond physically to wave
functions of spinless particles (for instance pions), while Dirac focused on a
relativistic first order wave equation, describing the behavior of electrons in
the atom in a consistent manner with the special the relativity [2].
In Refs. [3, 4, 5, 6] an harmonic potential has been incorporated by
adding to the linear momentum (non-minimum coupling) a linear function,
thus obtaining the so called Dirac and Klein-Gordon oscillators, that in the
non-relativistic limit gives the quantum harmonic oscillator for spinless and
strong spin-orbit coupling fermionic particles. These type of linear interac-
tions were employed in quarks mass spectra [7], on a coulomb-like potential
[8, 9], in 2D massless fermions [10] and propagators [11], in curved space-time
[12], in systems with extended and generalized uncertainty principle [13, 14].
These studies emerge from the importance of the relativistic symmetries,
that were explored for spin and pseudospin [15, 16, 17], which have a fruitful
background on the quantum field theory [18]. In addition, the non-relativistic
quantum-mechanical formalism was studied by some authors [19, 20], that
have considered the harmonic oscillator provided with a generalized linear
momentum operator which allows to obtain the Morse potential [22] by first
principles. Recently, some of us have characterized a deformed lattice by
means of the same generalized linear momentum operator [21].
The goal of this letter is to extend the strategy used in [20] to the 1D and
3D KG and Dirac oscillators in order to obtain the corresponding relativistic
equations for a Morse potential coupling [23, 24, 25, 26, 27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 37, 38, 39]. The letter is structured as follows. First, we
give the preliminaries necessary for the development of the work. Second, we
employ a generalized linear momentum operator in the Hamiltonian, showing
that both oscillators with this coupling are equivalent the 1D KG and Dirac
particles provided with a Morse potential coupling and the standard linear
momentum. We illustrate the results with those obtained in the literature for
the H2 molecule [40]. Using the Pekeris approximation [41] in the 3D case,
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we obtain the eigenvalues, the eigenfunctions, the dissociation energy and
we recover the non-relativistic and the non-deformed limits for both cases.
Finally, we outline some conclusions.
2 Preliminaries
We present the preliminaries used throughout the work.
2.1 Morse potential and generalized momentum oper-
ator
Some authors [19, 20, 42, 43, 44, 21] have investigated a generalized trans-
lation operator that gives a nonadditive spatial displacement of the form
Tˆγ(ε)|x〉 = |x+ ε+ γxε〉 (1)
being ε an infinitesimal displacement and γ a parameter with dimension of
inverse length in such a way that γq ≡ (1 − q)/ξ (from now on we place
implicitly the dependence on q in γ) with ξ the characteristic length of the
system, where the usual translation is recovered for q → 1 (γ → 0). These
investigations were inspired by the development of Tsallis nonextensive ther-
mostatistics [45, 46, 47] along with some of its mathematical implications
(the q-calculus [48]). In Ref. [19, 20] by means of Tˆγ(ε) the authors obtained
the generalized momentum operator pˆγ|α〉 = −ih¯Dγ|α〉 in the basis x, being
Dγ the deformed derivative in x
Dγ = (1 + γx)
d
dx
. (2)
By means of the Hamiltonian H = pˆγ + V (x) and using (2) it follows the
(deformed) Schro¨dinger-like equation
ih¯
∂
∂t
ψ(x, t) = −
(
h¯2
2m
)
D2γψ(x, t) + V (x)ψ(x, t) (3)
that corresponds to a particle provided with an effective mass m(x) = m/(1+
γx)2. Eq. (3) has been employed in applications of semiconductor het-
erostructures [49, 50].
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An interesting application of the deformed Schro¨dinger equation (3) was
given in order to derive the Morse potential by using first principles [20].
More precisely, by considering the canonical transformation
η =
ln(1 + γx)
γ
(4)
in (3) along with the harmonic potential V (x) = mω2x2/2 and φ(η, t) =
ψ(x(η), t) the following equation is obtained (using E = ih¯ ∂
∂t
)
Eφ(η, t) = − h¯
2
2m
d2
dη2
φ(η, t) +
mω2
2γ2
(eγη − 1)2φ(η, t), (5)
which is precisely the eigenvalues equation of the quantum Morse oscillator
(QMO) [22]. This is provided of an effective potential Veff(η) = D(e
γη− 1)2,
for the wave function φ(η, t) in the η space with the dissociation parameter
D = mω
2
2γ2
. The eigenfunctions of the QMO are given by
Φn(z) = Anz
se−
1
2
zL2sn (z) (6)
with z = 2mωeγη/(γ2h¯), s = mω/(γ2h¯)−n−1/2 and L2sn (z) = (z−2sez/n!)dn(e−zzn+2s)/dzn
the generalized Laguerre polynomial [51]. The energy spectrum of the QMO
is
En = h¯ω
(
n+
1
2
) [
1− γ
2h¯
2mω
(
n+
1
2
)]
(7)
being n restricted to the range 0 ≤ 2n ≤ 2mω/(γ2h¯) − 1, which implies a
finite number of states and En ≥ h¯ω(n + 1/2)/2. From (7) it can be seen
that the harmonic oscillator energies are recovered for γ → 0.
2.2 Klein-Gordon and Dirac oscillators
The substitution of the four-vector energy-momentum pµ = (E/c,p) =
(ih¯∂/∂t,−ih¯∇) in the quadratic relativistic relation for the case of an har-
monic non-minimal coupling p−imωr gives the Klein-Gordon oscillator [5, 6]
Eψ = 1
2m
(p + imωr) · (p− imωr)ψ, (8)
where E = (E2 −m2c4) /2mc2. Here ω is the frequency of the oscillator, m
the mass and r the position, with the limit ω → 0 the corresponding one
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to the free particle case. Using algebraic methods the energies EN for the
one-dimensional case result [54]
EN = Nh¯ω , N = 0, 1, 2, . . . (9)
with EN = (E2N − m2c4)/2mc2. In the non-relativistic limit E = mc2 + 
with  mc2 and then we have N ≈ Nh¯ω (N = 0, 1, 2, . . .) that correspond
to the energies of the harmonic oscillator provided with a zero ground state
energy.
The usual form of the Dirac equation for a particle of mass m is given by[
ih¯β
∂
∂t
+ ih¯β−→α · −→∇ −mc2
]
ψ = 0 (10)
where β and −→α provide the (3 + 1) representation of the Dirac matrices
β =
(
I 0
0−I
)
; αi =
(
0 σi
σi 0
)
; (11)
and I is the 2× 2 identity with σ1, σ2 and σ3 the 2× 2 Pauli matrices. Using
the non-minimal harmonic coupling p− imβωr in (10) we obtain the Dirac
oscillator [3]
(E −mc2)ψ1 = c−→σ · (p + imωr)ψ2
(E +mc2)ψ2 = c−→σ · (p− imωr)ψ1 (12)
where ω is the frequency of the oscillator and ψT = (ψ1, ψ2) is the spinorial
wavefunction. From (12) it follows the differential equation for ψ1
Eψ1 =
[
p2
2m
+
mω2r2
2
− 3
2
h¯ω −
(
2ω
h¯
)
L · S
]
ψ1 (13)
where L = r × p is the angular momentum and S = (h¯/2)σ is the spin
operator. By means of the spin total J = L + S it can be shown that the
energies ENlj are [3]
E2Nlj −m2c4 = h¯ω[2(N + 1− j)∓ 1]mc2, (14)
if l = j ∓ 1
2
which presents a degeneracy (typically of central potentials) for the pairs
(N ± 1, j ∓ 1), (N ± 2, j ∓ 2), . . .. From (14) in the non-relativistic limit
E = mc2 +  with   mc2 we have E = Nlj ≈ h¯ω(N + 1 − j ∓ 12) for
N = 0, 1, 2, . . . and l = j ∓ 1
2
, so we recover the energies of the harmonic
oscillator energies plus a strong spin-orbit term.
4
3 Morse potential for Klein-Gordon and Dirac
equations from generalized momentum cou-
plings
We present the Klein-Gordon and Dirac equations with Morse potential from
the Klein-Gordon and Dirac oscillators provided with a generalized momen-
tum coupling. We consider the one-dimensional and the tridimensional cases.
For convenient reasons, throughout this Section we will denote E as E2−m2c4
2mc2
with E the energy of the particle.
3.1 One-dimensional case
Considering the Eq. (8) in one dimension with the deformed derivative (2)
we have
Eψ(x) = 1
2m
[(pγ + imωx)(pγ − imωx)]ψ(x), (15)
that can be considered the Klein-Gordon version of the generalized harmonic
oscillator studied in [19, 20]. From (15) and using the canonical transforma-
tion (4) we have
Eφ(η) = 1
2m
{[
−ih¯ d
dη
+ imω
(
eγη − 1
γ
)]
×[
−ih¯ d
dη
− imω
(
eγη − 1
γ
)]}
φ(η) (16)
which corresponds to the Klein-Gordon equation with the non-minimal cou-
pling pγ − imω(eγη − 1)/γ and the wave-function φ(η, t) = ψ(x(η), t) in the
η-space. It is worthing to note that Eqns. (15 and (16) extend the equiv-
alence between the harmonic oscillator with the generalized momentum pγ
and the Morse potential [20], in the context of the Klein-Gordon equation.
Moreover, by redefining η as η˜ = η − η0 and φ(η) as φ˜(η˜) = φ(η˜ + η0) the
(16) can be rewritten as
E φ˜(η˜) =
[
− h¯
2
2m
d2
dη˜2
+
mω˜2
2γ2
(eγη˜ − 1)2 − h¯ω˜
2
]
φ˜(η˜) (17)
where η0 =
ln(ω˜/ω)
γ
and ω˜ = ω
(
1 + γ
2h¯
2mω
)
is a modified frequency with η0 a
displacement of the origin of the potential, both arising due to the relativistic
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coupling. By comparison between the Eqns. (5)–(7) and the Eq. (17) we
obtain the energy spectrum of the KGMO (Klein-Gordon Morse oscillator)
EN = h¯ω˜
(
N +
1
2
) [
1− γ
2h¯
2mω˜
(
N +
1
2
)]
(18)
with N = 0, 1, 2, . . .. It is instructive to obtain the null deformation (γ → 0)
and the non-relativistic (EN ≈ N) limits for the energy spectrum. In the
former case, from Eq. (18) for γ → 0 we recover the Eq. (9) that corresponds
to the energy levels of Klein-Gordon oscillator, which is identical to the for-
mula (7) except by the modified term h¯ω˜/2 that results as a consequence of
the non-minimal coupling.
For the one-dimensional Dirac Morse oscillator (DMO), and using the
representation (σ3, iσ2) with the momentum pγ we obtain
(E −mc2)ψ1 = c(pγ + imωx)ψ2
(E +mc2)ψ2 = c(pγ − imωx)ψ1,
from which results
Eψ1 = 1
2m
(pγ + imωx)(pγ − imωx)ψ1, (19)
that is identical to (15) for the spinor components (ψ1, ψ2). This expected
since a one-dimensional particle cannot manifest spin and angular momentum
interactions, which is reflected by the fact that pγ × x = 0.
In order to test the validity of this generalization, we will reproduce the
S-wave states (l = 0) for the H2 molecule, with the parameters extracted
from the Ref. [53]. For accomplish this we make an adjustment on Eq. (17)
expressed by the constants De =
mω˜2
2γ2
, α = −γη0 and η0 = re. By replacing
the values of De = 4.7446 eV, re = 0.7416angstrom, m = 0.50391 amu,
α = 1.440558 and E0 = h¯
2/mr2e = 1.508343932 eV in Eq. (17) we obtain the
eigenvalues equation (with the suffix m denoting the Morse potential)
EmΦ =
{
− h¯
2
2m
d2
dη2
+
De
[
e
−2α
(
η
η0
−1
)
− 2e−α
(
η
η0
−1
)]2 }
Φ (20)
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with the corresponding energies
Em = −α
2E0
2
(
2re
√
2mDe
αh¯
− 1
2
− n
)2
. (21)
From the Table 1 we see that the non-relativistic energies of the S-wave
states are a very good agreement with the literature (see [40] and references
therein), differing only from the ninth decimal number.
This work [40]
n=0 4.476013136977448 4.476013136943936
n=1 3.962315359052883 3.962315358958284
n=2 3.479918845289036 3.479918845141218
n=3 3.028823595685905 3.028823595492864
Table 1: Non-relativistic energies (in eV) of the KGMO and DMO given by
the formula (21) for some S-wave states (l = 0 and n = 0, 1, 2, 3) of the H2
molecule along with those obtained in Ref. [40]. The agreement is up to the
eighth decimal number.
3.2 Tridimensional case: the generic radial differential
equation
The tridimensional non-minimal couplings are given by p− imωU rˆ and p−
imωβU rˆ for the KG and the Dirac cases respectively, and they lead to the
radial differential equation [8]
EΦ =
{
− h¯
2
2m
d2
dr2
+
mω2
2
U2 − h¯ω
2
dU
dr
−[1 + f(j, l)] h¯ωU
r
+
h¯2l(l + 1)
2mr2
}
Φ (22)
where
f(j, l) =
0 for KG;
2[j(j + 1)− l(l + 1)− 3/4] for Dirac.
The presence of the term ∝ U/r and the centrifugal one ∝ 1/r2 makes
(22) to be not analytically solvable [52]. The usual strategy for this case is
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to employ the Pekeris approximation in both terms. Now defining U as a
deformed linear potential (recovering the harmonic potential U(r) = r − re
when γ → 0) given by
U(r) =
eγ(r−re) − 1
γ
, (23)
we can recast the generic radial equation as (see Appendix)
E˜Φ(r) =
[
− h¯
2
2m
d2
dr2
+ Ueff
]
Φ(r), (24)
where Ueff(r) =
mΩ2
2γ2
(e
γ(r−reff) − 1)2 + U0 can be considered as a resultant
effective Morse potential. In Fig. 1 we illustrate this potential for the KG
and the Dirac cases, where reff plays the role of an effective equilibrium
internuclear distance. For each value of l the lower and the upper curves
correspond to the KG and the Dirac cases respectively. This shows that the
effect of the total spin chosen as j = 1/2 + l is to increase the potential
barrier, and therefore the dissociation energy De.
We obtain the energies of the KGMO and DMO in the Pekeris approxi-
mation, given by
E˜N = h¯Ω
(
N +
1
2
) [
1− γ
2h¯
2mΩ
(
N +
1
2
)]
+ U0, (25)
which for γ → 0 allows to recover the KG Dirac-like energy
E˜N −→ h¯Ω
(
N +
1
2
)
+ U0 (26)
with the modified frequency (see Appendix)
Ω −→ √
2
m
(
mω2
2
− ωh¯[1+f(j,l)]
r2e
+ h¯
2(3+γre)l(l+1)
2mr4e
)
(27)
that contains the information about the angular momentum l and the spin
total j by means of f(j, l). The differences between the Eqns. (14) and (26)
express that the Pekeris approximation do not allow to make a perfect limit
for the null deformation γ → 0 but rather to obtain an effective oscillator.
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Figure 1: Effective Morse potential (in units of h¯ω) of the H2 molecule in
function of the dimensionless parameter r/a0 [55]. For comparing the KG
and the Dirac cases we have taken the same values of l = 0, 1, 2, 3, 4, 5 with
the spin total for the Dirac case obeying the relation j = 1/2+ l for all l. We
can see that the presence of the spin increases the effective potential barrier.
4 Conclusions
We have presented the relativistic equations for the Morse potential that
result from a generalized momentum operator. By means of the Pekeris
approximation in the 3D case we have converted the not exactly solvable
radial wave equation (22) into the Morse-like equation (24), whose solutions
and energies are obtained by a mapping onto the one-dimensional Morse
Schro¨dinger equation (5), corresponding to the vibrational states (r ∼ re).
Moreover, we have recovered the non-relativistic energies of the S-wave states
of the H2 in a very good agreement (Table 1) and we have shown that the
effect of the total spin (chosen as j = 1/2 + l) in the Dirac case is to increase
the dissociation energy with respect to the KG case (Fig. 1).
From the best of our knowledge, this is the first time that the Morse
potential is obtained by the relativistic theory by its own, doing a simply
canonical transformation of the position variable, for the 1D case, and with
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a deformed linear potential, in the 3D case. In [20] the authors obtain the
Morse potential by first principles for the non-relativistic quantum mechan-
ics, and with a similar idea, we have obtained a good generalization in rela-
tivistic contexts with a difference in the effective frequency Ω, as a result of
the Pekeris approximation.
Our study reveals that generalized momentum operators can be extended
to relativistic contexts by means of canonical transformations and by non-
minimal couplings which represent a deformation of the linear harmonic cou-
pling, thus giving place to the relativistic Morse-like oscillator by first prin-
ciples. Furthermore, this can applied to study energy levels, S-wave states,
relativistic dissociation energies, and for future works the vibrational states
(l = 0) with the help of numerical simulations.
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5 Appendix
We have that up terms of second order [56]
re/r = (1 + ln y/γre)
−1 ≈ 1− 1
γre
(y − 1)
+ 2+γre
2(γre)2
(y − 1)2
(re/r)
2 = (1 + ln y/γre)
−2 ≈ 1− 2
γre
(y − 1)
+3+γre
(γre)2
(y − 1)2 (28)
with y = eγ(r−re) and the expansions are around y = 1 (r = re). The effective
potential of the radial equation (22) is
Ueff(r) =
mω2
2
U2 − h¯ω
2
dU
dr
− [1 + f(j, l)] h¯ωU
r
+
h¯2l(l + 1)
2mr2
(29)
so replacing U = e
γ(r−re)−1
γ
and the Pekeris approximated expressions of
re/r, (re/r)
2 of (28) in (29) we can rewrite the effective potential Ueff(r)
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as
Ueff(r) =
mΩ2
2γ2
(e
γ(r−reff) − 1)2 + U0 (30)
where
Ω2 = 2
m
(
A+ γB + γ
2B2
4A
)
reff = re +
1
γ
(
1 + γB
2A
)
U0 = C − B24A2
and
A = mω
2
2
− ωh¯[1+f(j,l)]
r2e
+ h¯
2(3+γre)l(l+1)
2mr4e
B = γωh¯
2
+ ωh¯[1+f(j,l)]
re
+ h¯
2l(l+1)
mr3e
C = h¯
2l(l+1)
2mr2e
− ωh¯
2
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